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Abstract
We discuss observables of an equivariant extension of the A-model in the frame-
work of the AKSZ construction. We introduce the A-model observables, a class of
observables that are homotopically equivalent to the canonical AKSZ observables but
are better behaved in the gauge fixing. We discuss them for two different choices of
gauge fixing: the first one is conjectured to compute the correlators of the A-model
with target the Marsden-Weinstein reduced space; in the second one we recover the
topological Yang-Mills action coupled with A-model so that the A-model observables
are closed under supersymmetry.
1 Introduction
The AKSZ method [2] is a very elegant geometrical construction of solutions of the
classical master equation (CME) in the Batalin-Vilkovisky (BV) formalism. It gives
solutions in terms of geometrical data that are very compactly formulated in the
language of graded geometry. The AKSZ space of fields is the space of maps from the
source graded manifold T [1]Σ, where Σ is a d-dimensional manifold, to the targetM,
which is a degree (d − 1) graded symplectic manifold endowed with a degree one
hamiltonian vector field D = {Θ,−} such that D2 = 0. The solution of the CME,
even for classical actions whose gauge invariance is very intricated, can be obtained on
the spot directly from these data, without using the tools of homological perturbation
theory: see for instance [9] for an introduction to the subject and the discussion of
the Courant Sigma Model.
In the BV setting the simplest version of gauge fixing is realized by expressing the
antifields as functions of the fields; once that the symplectic interpretation is taken
into account and the space of fields is seen as an odd symplectic manifold, the gauge
fixing is a choice of a lagrangian submanifold L of the BV space of fields F . Even if the
BV vector field QBV is not in general parallel to L, the gauge fixed action still has an
odd symmetry obtained by projecting QBV to L. We call this odd vector field of L the
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1 Introduction
residual BV symmetry. This projection is not unique and depends on an additional
geometrical datum, the choice of a symplectic tubular neighborhood of L, i.e. a (local)
identification of F with T ∗[−1]L. This choice can always be done, although in a non
unique way; different choices coincide on shell, i.e. when restricted to the surface of
solutions of equations of motion. In examples this odd symmetry of the gauge fixed
action is an interesting object and so it is worth to take it into account in the full
picture. For instance in the BV treatment of ordinary gauge theories it is the BRST
differential; in the A-model it is the supersymmetry [5].
A relevant aspect where one can appreciate the beauty of the AKSZ solution is
the construction of observables. Indeed, there is a chain map from the complex of the
homological vector field D of the target M to the complex of QBV that defines the
so called AKSZ observables. Unfortunately, in general we cannot expect that after
gauge fixing a BV observable is closed under the residual BV symmetry and AKSZ
observables are not special in this regard. So in certain cases, it can be useful to
introduce an equivalent set of observables that have a better behavior for the gauge
fixing.
This study began in [5] for the case of the A-model, seen as a complex gauge
fixing of the Poisson Sigma Model with non degenerate target. In this case, the target
graded manifold is just T [1]M with M symplectic and D the de Rham vector field
of M ; AKSZ observables are then defined in terms of closed forms on M . In [5] it was
shown that one can define an equivalent class of observables, which we called A-model
observables, related by an explicit homotopy to the AKSZ ones, that are closed under
the residual BV symmetry fixed by the complex gauge fixing. The name is due to the
fact that they reproduce Witten’s hierarchy of observables for the A-model in [13].
In this paper we extend the analysis to an equivariant version of the Poisson Sigma
Model. This is an AKSZ theory that was studied in [4, 11, 15]. The geometrical data
of the target encode a hamiltonian G space, i.e. a symplectic manifold M with an
action of a Lie group G with an equivariant momentum map µ. The target homological
vector field encodes the Weil model for equivariant geometry. In [4] this theory was
considered as a model for the PSM with target the symplectic reduction µ−1(0)/G.
We introduce the analogue of A-model observables that depend on a minimal set of
fields and introduce an explicit homotopy with the AKSZ observables.
We consider two different gauge fixings which are compatible with the A-model
observables. The first one is relevant when the symplectic reduction of the target
space is smooth; we conjecture that the theory computes the A-model correlator of
the reduced symplectic manifold in the spirit of [4]. In the second one, we recover
for the Lie algebra sector the supersymmetric Yang Mills action and the residual BV
symmetry is the supersymmetry generator.
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2 AKSZ background
In this section we review for completeness the AKSZ construction and the residual
symmetry of the gauge-fixed action in BV theories. See [7, 9] for an introduction to
BV in the language of graded geometry and in particular to the AKSZ construction;
see [5] for more details on residual BV symmetry.
A classical BV theory consists of a (−1)-symplectic manifold (F ,Ω) endowed with
a cohomological hamiltonian vector field QBV = {SBV,−} with degree 1 , where SBV
is the BV action of the theory and { , } are the Poisson brackets induced by the
symplectic structure Ω. Since Q2BV = 0 the BV-action is a solution of the classical
master equation (CME)
{SBV, SBV} = 0 . (1)
If we introduce local Darboux coordinates {x, x+} the bracket reads
{F,G} = ∂rF
∂xa
∂`G
∂x+a
− ∂rF
∂x+a
∂`G
∂xa
,
where ∂r and ∂` denote the right and left derivative, respectively.
∗ The CME is
expressed in these local coordinates as:
1
2
{SBV, SBV} = ∂rSBV
∂x+a
∂`SBV
∂xa
= 0 . (2)
The gauge-fixing is performed by restricting the action to a Lagrangian submani-
fold L ⊂ F , i.e. a submanifold on which the restriction of the symplectic form vanishes
and that cannot be properly enlarged to a submanifold with this property. Locally
we can choose Darboux coordinates (x, x+) in which L is determined by x+ = 0.
The gauge fixed action is just the restriction SL to L of SBV, i.e. in these Darboux
coordinates: SL(xa) = SBV(xa, x+a = 0).
2.1 The residual BV symmetry
The BV vector field QBV is in general not parallel to the gauge fixing lagrangian L;
nevertheless it can be projected to a vector field over L in such a way that the result is
a symmetry of the gauge fixed action SL. This can be done by choosing a symplectic
tubular neighbourhood of the Lagrangian, i.e. a local symplectomorphism F ⊇ U '
T ∗[−1]L restricting to the identity on L . If we denote by ι : L ↪→ F the inclusion map
and with pi : U → L the projection map, the residual symmetry can be then defined
by:
QpiL := ι
∗ ◦QBV ◦ pi∗ , (3)
where we view vector fields as operators on functions. More concretely, we can think
of this tubular neighbourhood as an atlas of canonical coordinates {x, x+} adapted
∗ In the following, where not indicated otherwise, we will always use left derivatives.
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to L (i.e. L = {x+ = 0}) such that the transition functions between (x, x+) and
(y, y+) are (y = y(x), y+ = (∂x/∂y)x+) so that the projection pi(x, x+) = x is well
defined. For every function f on L we have:
QpiL(f) = QBV(pi
∗f)
∣∣
x+=0
= −∂rSBV
∂x+a
∣∣∣∣
x+=0
∂`f
∂xa
. (4)
In particular, it follows that QpiL(SL) = 0 , because of the CME (1).
The odd version of Weinstein’s theorem on the existence of a local symplectomor-
phism between a neighbourhood of a Lagrangian submanifold and T ∗[−1]L was proved
in [10]. It must be pointed out that such a choice is non canonical and non unique:
each symplectomorphism of F into itself which keeps L fixed defines a new symplectic
tubular neighbourhood. Nevertheless, two such vector fields coincide when restricted
to the space of solutions of the equations of motion of SL.
The residual symmetry squares to zero only on-shell, i.e.
1
2
[QpiL, Q
pi
L] = σ
ab ∂SL
∂xb
∂
∂xa
, (5)
where σab is the quadratic term in the antifield expansion of the action:
SBV(x, x
+) = SL(x)−Qpi aL (x)x+a +
1
2
x+a σ
ab(x)x+b +O(x
+ 3) . (6)
A BV observable by definition is a function f on F that is closed under QBV; it
is clear that the restriction of f to a Lagrangian submanifold L is not closed with
respect to QL; indeed we see that
QpiL(f)|L + Vf (SBV) = 0 , (7)
where Vf :=
∂rf
∂x+i
∣∣∣
L
∂
∂xi ∈ X(L) . Therefore fL = f |L is QpiL-closed modulo equations of
motion.
2.2 AKSZ construction
The AKSZ solution of the CME (1) is given in terms of the following data. A source
graded manifold T [1]Σ with Σ a d-dimensional manifold with its canonical de Rham
vector field dΣ; a target graded manifoldM with an exact symplectic structure Ω = dϑ
of degree (d − 1) and a hamiltonian vector field D of degree 1 with hamiltonian Θ
squaring to zero. The degree of Θ is then fixed to d. The space of BV fields is
FΣ = Map(T [1]Σ,M). If we introduce the coordinates {uα, θα} of degree (0, 1) in
T [1]Σ and {xA} in M, then FΣ is described by the superfields
xA = xA + xAαθ
α + . . . .
The evaluation map Ev : FΣ × T [1]Σ→M is defined as
Ev(x;u, θ) = x(u, θ) . (8)
The BV vector field is
QBV = D
′ − d′Σ , (9)
4
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where D′ and d′Σ are the vector fields of FΣ obtained by composing the maps of FΣ
with the target and source infinitesimal diffeomorphisms defined respectively by D
and dΣ. It is a hamiltonian vector field with hamiltonian given by
SBV = −
∫
T [1]Σ
ϑA(x)Dx
A +
∫
T [1]Σ
Ev∗(Θ) .
By construction SBV solves the CME (1). Let ω ∈ C(M) then we see that
(QBV + dΣ)Ev∗(ω) = Ev∗(Dω) ,
so that if Dω = 0 then, for each k-cycle γk of Σ, Oωγk =
∫
γk
Ev∗ω is QBV closed. We
say that Oω = Ev∗ω is the AKSZ observable associated to ω.
3 A-model and PSM correspondence reconsidered
The correspondence between the AKSZ observables of the PSM and the observables
of the A-model established in [5] can be better understood starting from an homotopy
between maps of superspaces.
Let M be a symplectic manifold and let us denote with α = αµνdx
µdxν the
symplectic form. The Poisson Sigma Model (PSM) with non degenerate target is the
AKSZ construction with a two-dimensional source manifold Σ and target T ∗[1]M with
hamiltonian αµνbµbν , where {xµ, bµ} are the degree (0, 1) coordinates of T ∗[1]M and
αµν is the inverse of αµν .
The space of AKSZ field is FΣ = Maps(T [1]Σ, T ∗[1]M). The symplectic form iden-
tifies it with Maps(T [1]Σ, T [1]M) and finally with T [1](Maps(T [1]Σ,M)) ≡ T [1]MΣ.
With this identification observables are forms onMΣ. Let the superfields (x,b) ∈ FΣ
be decomposed as
xµ = xµ + η+µ + b+µ , bµ = bµ + ηµ + x
+
µ .
The de Rham differential δ of MΣ acts as δxµ = bµ ≡ α(x)µνbν . It can also be in-
terpreted as the (infinitesimal) diffeomorphism obtained by composing the superfields
with the (infinitesimal) diffeomorphism of the target T [1]M defined by the de Rham
differential. The BV differential is then defined as
QBV = δ−d′Σ ,
where d′Σ is the vector field of FΣ obtained by the action of the de Rham differential of
Σ on the superfields. More geometrically, d′Σ ∈ Vect(FΣ) is the (infinitesimal) diffeo-
morphism of FΣ obtained by composing maps with the (infinitesimal) diffeomorphism
of the source defined by the de Rham differential. Although d′Σ must not be confused
with dΣ acting on Σ, they coincide on functions of the (evaluated) superfields, i.e.
(d′Σ − dΣ)f(x(u, θ),b(u, θ)) = 0 . (10)
It is explicitly given by the following formulas:
d′Σx = 0 , d
′
Σb = 0 ,
d′Ση
+ = dΣx , d
′
Ση = dΣb ,
d′Σb
+ = dΣη
+ , d′Σx
+ = dΣη .
(11)
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We are going to define the A-model hierarchy of observables. Let us consider the
degree 0 evaluation map ev : MΣ × T [1]Σ −→M defined as:
ev(x;u, θ) = x(u) . (12)
Since FΣ is a vector bundle overMΣ we can extend ev to a vector bundle morphism
êv : FΣ × T [1]Σ→ T [1]M over ev by asking that for each f ∈ C∞(M) we have
êv∗df = (QBV + dΣ)ev∗f .
We then compute
êv∗dxµ = (QBV + dΣ)xµ = bµ + dΣxµ .
For every ω ∈ Ω•M we can associate a functional Aω
Aω ≡ êv∗ω = ω(x, b+dΣx) (13)
satisfying by construction (QBV+dΣ)Aω = Adω. If then dω = 0 we say that Aω is the
A-model hierarchy of observables of the PSM associated to ω.
The AKSZ hierarchy described in the previous section, after the identification given
between T [1]M and T ∗[1]M given by α, is defined for each ω ∈ ΩM as
Oω = ω(x(u, θ),b(u, θ)) = Ev∗ω (14)
where the evaluation map Ev : FΣ × T [1]Σ→ T [1]M defined in (8) and given by
Ev(x,b, u, θ) = (x(u, θ),b(u, θ)) (15)
is a vector bundle morphism over Ev : MΣ × T [1]Σ −→M defined as
Ev(x;u, θ) = x(u, θ) . (16)
The two morphisms ev and Ev are homotopic with homotopy k : MΣ × T [1]Σ ×
[0, 1] −→M given by
k(x;u, θ; t) = x(u, tθ) = x(u) + tη+(u) + t2b+(u) . (17)
We extend it to the vector bundle morphism k̂ : FΣ × T [1]Σ× T [1]I → T [1]M over k
by imposing that for each f ∈ C∞(M) we have
k̂∗df = (QBV + dΣ + dI)k∗f ,
where dI is the de Rham differential of I = [0, 1]. We compute
k̂∗dxµ = δXµ+tδη+µ+t2δb+µ+(1−t)dΣxµ+t(1−t)dΣη+µ+dt(η+µ+2tb+µ) . (18)
We then define K(ω) =
∫
[0,1]
k̂∗(ω) for each ω ∈ ΩM . By construction we have that
k̂∗ω|t=0 = ev∗ω = Aω and k̂∗ω|t=1 = Ev∗ω = Oω and
Oω −Aω = K(dω)− (QBV+dΣ)K(ω) . (19)
It is now a direct computation to check that the homotopy K coincides with the one
defined in [5].
6
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Let us finally discuss the gauge fixing. Let us introduce the complex structures 
on Σ and J , compatible with α, on M . We denote the holomorphic coordinates as z
and xi on Σ and M . Let us choose the complex gauge fixing for the superfields x
and b introduced in [6] and discussed in [5] so that we recover the A-model action for
that sector. The gauge fixing lagrangian L on the A-model sector is defined by
x+ = b+ = ηzi = ηz¯ı¯ = η
+i
z = η
+ı¯
z¯ = 0 . (20)
The gauge fixed action reads
SLJ =
∫
Σ
(
− ipz¯∂z¯x¯ + ipz¯i∂zxi − iη+iz¯ Dzbi + iη+¯z Dz¯b¯
+gkr¯Rlk¯iη
+i
z¯ η
+¯
z blbr¯ + g
i¯pz¯ipz¯
)
,
(21)
where pz¯i = ηz¯j + Γ
k
ijη
+j
z¯ bk. Variables appearing in (20) are the momenta of a sym-
plectic tubular neighborhood that determines the BV residual symmetry, as explained
in the previous section. Contrary to AKSZ observables, the A-model observables do
not depend on the momenta so that their restriction to LJ is closed under the BV
residual symmetry.
4 Equivariant A-model from AKSZ
We discuss in this section a BV approach to the equivariant version of the A-model.
The geometrical setting consists of a Poisson manifold (M,α) with an action of a
Lie group G by Poisson diffeomorphisms. We require the existence of an equivariant
momentum map µ : M → g∗, where g = Lie G. By momentum map we mean that
the fundamental vector fields of the G action are hamiltonian vector field. We will
be mainly interested in the non degenerate case where this is the usual notion of
hamiltonian G-action.
4.1 Definition of the model
The model that we are going to discuss was considered in [15, 4, 11]. The graded
geometric formulation of the equivariant formulation and its AKSZ theory that we
are going to use was discussed in [4]. We briefly recall it.
The equivariant differential can be described by a hamiltonian vector field D on
the symplectic graded manifold T ∗[1]
(
M × T [1]g[1]). If we take coordinates (xµ, bµ)
on T ∗[1]M and (ca, φa) of degree (1, 2) with momenta (ξa, ξ˜a) of degree (0,−1) on
T ∗[1]T [1]g[1], we can define the degree 2 hamiltonian
Θ =
1
2
αµνbµbν−ξaφa−µaφa + vµa bµca +
1
2
ξa[c, c]
a+ξ˜a[c, φ]
a , (22)
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so that D(·) = {Θ, ·} reads:
Dxµ = αµνbν + c
avµa ,
Dbµ =
1
2
∂µα
ρσbρbσ + ∂µv
ρ
abρc
a − φa∂µµa ,
Dca = φa − 1
2
fabdc
bcd ,
Dφa = −fabccbφc ,
Dξa = v
µ
a bµ − f cabξccb−f cabξ˜cφb ,
Dξ˜a = ξa + µa + f
c
abξ˜cc
b .
(23)
We recover the Kalkman model for Poisson equivariant cohomology as the differential
graded subalgebra W (M,pi, g) generated by {x, b, c, φ}. We consider here the case
where α is non degenerate and let bµ = αµνbν . We then compute
Dxµ = bµ + cavµa ,
Dbµ = −φavµa + cabν∂νvµa .
(24)
so that (W (M,pi, g), D) coincides with the Kalkman model for equivariant cohomology
(see [8]).
If we look at the target manifold T ∗[1](M × T [1]g[1]) again as a tangent bundle
T [1](M ×g[1]×g∗[−1]) so that the de Rham differential is defined as dxµ = bµ, dca =
φa and dξ˜a = ξa we immediately recognize from (23, 24) that D can be decomposed as:
D = d + s , ds+ sd = s2 = d2 = 0 , (25)
where s is the tangent lift of the target BFV differential giving a resolution for the
symplectic quotient.
Remark 4.1. The identification of the target manifold with T [1](M × g[1]× g∗[−1])
can be expressed by defining the tangent fibre degree as deg x = deg c = deg ξ˜ = 0
and deg b = deg φ = deg ξ = 1. Moreover, deg d = 1 and deg s = 0. Following [4], the
antighost degree ag = −gh + deg, where gh is the natural degree of the target graded
manifold, gives the target manifold the structure of BFV manifold, a model for the
symplectic reduction of T ∗[1]M with respect to the constraints µ = 0 and vνabν =
0. We recall that the BFV (Batalin-Fradkin-Vilkovisky) manifolds in general give
an homological resolution of constrained system and can be seen as a mathematical
formulation of BRST in the hamiltonian setting (see [3, 12]).
Remark 4.2. The map ϕ : W →W defined as ϕ(x, b, c, φ) = (x, b˜, c, φ˜) where
φ˜ = φ− 1
2
[c, c] , b˜µ = bµ + cavµa (26)
intertwines D|W and the de Rham differential d. Since the Lie algebra part is acyclic,
the cohomology of (W,D) then coincides with HdR(M). Let us introduce the contrac-
tion operator ιa =
∂
∂ca and Lie derivative La on the Lie algebra variables; then we can
write the Kalkman differential as
D|W = dM + ca(Lva + La)− φa(ιva − ιa) ,
8
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where dM denotes the de Rham differential on M , Lva and ιva are the usual Lie
derivative and contraction operators on forms, respectively. We then see that the
subcomplex W ′ =
⋂
a (ker ιa ∩ ker(La + Lva)) ⊂ W of elements that are independent
on c and g-invariant coincides with the Cartan model for equivariant cohomology.
Let us now consider the AKSZ sigma model with source
(
T [1]Σ,dΣ
)
and target
T ∗[1]
(
M × T [1]g[1]) with differential D. We can introduce the superfields:
x = x+ η+ + b+ , b = b+ η + x+ ,
c = c+A+ ξ+ , Ξ = ξ +A+ + c+ ,
Φ = φ+ ψ + ξ˜+ , Ξ˜ = ξ˜ + ψ+ + φ+ .
(27)
The cohomological BV vector field is QBV = D˜ − d′Σ, where D˜ is the vector field
obtained by composing maps with the (infinitesimal) diffeomorphism of the target
defined by D. Recalling that bµ = αµν(x)bν , it acts on the fields x, b, c, A, φ, ψ as
QBVx
µ = bµ + cava ,
QBVb
µ = −∂νvµa bνca − vµaφa ,
QBVc
a = φa − 1
2
[c, c]a ,
QBVA
a = ψ − [c, A]a − dΣc ,
QBVφ
a = −[c, φ]a ,
QBVψ
a = −[c, ψ]a − [A, φ]a − dΣφa .
(28)
We finally write the AKSZ action as
SBV =
∫
T [1]Σ
1
2
αµν(x)bµbν −ΞaΦa − µa(x)Φa + vµa (x)bµca +
1
2
Ξa[c, c]
a
+Ξ˜a[c,Φ]
a − bµdΣxµ −ΞadΣca − Ξ˜adΣΦa .
(29)
4.2 Equivariant A-model and AKSZ observables
We want to define here the analogue of A-model observables for the equivariant model.
Let us look for a map analogue to the partial evaluation map defined in (12). Since
the target space is the shifted tangent bundle T [1]M withM = M ×g[1]×g∗[−1] the
space FΣ of AKSZ fields is T [1]Map(T [1]Σ,M); we then start with a map
ev : Map(T [1]Σ,M)× T [1]Σ→M
defined as
ev(x, c, Ξ˜;u, θ) = (x(u), c(u) +A(u, θ), 0) . (30)
Since the target space differential (25) is not simply the de Rham differential, on forms
we do not take the pull-back of ev0, as in the previous section, but we look for a vector
bundle morphism êv : FΣ × T [1]Σ→ T [1]M over ev0 that intertwines the differential
QBV + dΣ with the target differential D, i.e.
êv∗Dω = (QBV + dΣ)êv
∗ω .
9
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From the discussion in Remark 4.1, we can conclude that êv is completely fixed by ev:
indeed the equivariant differential decomposes as D = d + s with deg s = 0 so that for
each f ∈ C(M) we have
êv∗df = êv∗(D − s)f = (QBV + dΣ)ev∗f − ev∗sf .
We then compute
êv∗b = êv∗dx = êv∗(Dx− cava) = (QBV + dΣ)x− (ca +Aa)va
= b+ dΣx−Aava ,
êv∗φ = êv∗dc = êv∗
(
Dc+
1
2
[c, c]
)
= (QBV + dΣ)(c+A) +
1
2
[c+A, c+A]
= φ+ ψ + F (A) ,
êv∗ξa = êv
∗dξ˜a = êv
∗(Dξ˜a − [ξ˜, c]a − µa) = −µa .
(31)
We then finally define for each ω(x, c, ξ˜, b, φ, ξ) ∈ C(T [1](M × g[1] × g∗[−1])) the
following functional
Aω := êv
∗ω = ω(x, c+A, 0, b+ dΣx−Aava, φ+ ψ + F (A),−µ) . (32)
If Dω = 0 then by construction (QBV +dΣ)Aω = 0 and we say that Aω is the A-model
observable associated to ω. In particular we will associate to every equivariantly closed
form an observable.
Recall that the AKSZ observable associated to ω is Oω = Ev∗(ω), the pullback
of ω along the evaluation map Ev : FΣ × T [1]Σ→ T [1]M with
Ev(x, c,Ξ,b,Φ, Ξ˜;u, θ) = (x(u, θ), c(u, θ),Ξ(u, θ),b(u, θ),Φ(u, θ), Ξ˜(u, θ)) .
The map Ev is a bundle map over Ev : Map(T [1]Σ,M)× T [1]Σ→M defined as
Ev(x, c, Ξ˜;u, θ) = (x(u, θ), c(u, θ), Ξ˜(u, θ)) .
We discuss now a homotopy between the A-model and AKSZ observables general-
izing the discussion that we had in the previous section. We start with the following
homotopy between ev0 and (the restriction of) Ev
κ : Map(T [1]Σ,M)× T [1]Σ× [0, 1]→M
defined as
κ(x, c, Ξ˜;u, θ, t) = (x+ tη+ + t2x+, c+A+ t2ξ+, tΞ˜(u, θ)) . (33)
We then look for
κ̂ : FΣ × T [1]Σ× T [1][0, 1]→ T [1]M
over κ so that
(QBV + dΣ + dI)κ̂
∗ = κ̂∗D , (34)
where dI is the de Rham differential of I = [0, 1]. Again κ̂ is completely determined
by κ and moreover by construction
κ̂∗ω|t=0 = Aω , κ̂∗ω|t=1 = Oω .
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We then compute
κ̂∗bµ = κ̂∗dxµ = (QBV + dΣ + dI)κ∗xµ − κ∗(cavµa )
= bµ + (1− t)dΣxµ − (1− t)Aavµa + t(1− t)∂νvµaη+ν + t(1− t)dΣη+µ+
+ dt(η+µ + 2tb+µ) + t2δb+µ + tδη+µ ,
κ̂∗φ = κ̂∗dc = (QBV + dΣ + dI)κ∗c+
1
2
[κ∗c, κ∗c]
= φ+ ψ + (1− t2)F (A) + t2ξ˜+ + 2tξ+dt ,
κ̂∗ξ = κ̂∗dξ˜ = (QBV + dΣ + dI)(tΞ˜)− t[Ξ˜, κ∗c]− κ∗µ .
(35)
If we define K(·) = ∫
I
κ̂∗(·) , we get
Oω −Aω = K(Dω)− (QBV + dΣ)Kω . (36)
Of course, if we set to zero all the variables associated to the Lie algebra g , we
recover the homotopy between the AKSZ observables of the PSM and the A-model
observables described in (18).
4.3 Cohomology of D
An interesting consequence of (36) is the following characterization of the cohomology
of the target differential D defined in (23). Indeed, after the restriction to zero form
observables, dΣ does not appear in (36) and QBV acts as D
′, the vector field obtained
composing the maps of FΣ with the infinitesimal diffeomorphism of the target defined
by D. In other terms it does not involve derivatives with respect to the source coor-
dinates, so that it is a pointwise relation that can be read as a relation defined on the
target as follows.
Let i : W (M,pi, g) → A ≡ (C(T ∗[1](M × T [1]g[1])), D) be the injection of the
Kalkman model described in Subsection 4.1 and let p : A → W (M,pi, g) be the
quotient map with kernel generated by ξ + µ and ξ˜. It is a direct check to verify that
p is a chain map. Clearly we have that p ◦ i = idW . Now it is clear that (36) for forms
of degree 0 translates into
idA − i ◦ p = K0 ◦D −D ◦ K0 (37)
where
K0(ω) =
∫
I
ω(x, c, tξ˜, b, φ, tξ − (1− t)µ+ dIt ξ˜)
for each ω ∈ A. We can then conclude that i and p are inverse up to homotopy so
that the cohomology of D is isomorphic to the cohomology of the Kalkman complex
(or equivalently of the Weil complex, see [8]) that is de Rham cohomology HdR(M)
(see Remark 4.2). It is maybe useful to stress that we are not restricting it to the
subcomplex W ′ giving equivariant cohomology. Finally, if ϕ : W → W is the isomor-
phism defined in (26) and Θ is the degree 2 hamiltonian in (22), then ϕ(p(Θ)) = −α,
so that we can say that −Θ represents in A the class of the symplectic form in the
de Rham cohomology of M .
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5 Gauge fixing
We discuss here two different gauge fixings of the AKSZ theory discussed in the previ-
ous section. The A-model sector is always gauge fixed with the complex gauge fixing
defined in (20).
In both cases the Lagrangian gauge fixing L is given together with an adapted
symplectic tubular neighborhood, i.e. a symplectomorphism between the BV space
of fields FΣ and T ∗[−1]L that fixes also a residual BV symmetry as explained in
Section 2. The A-model observables do not depend on the momenta so that after the
restriction they are invariant under the residual BV symmetry.
5.1 Gauge fixing for the symplectic reduction
We assume that ∂kv
ı¯
a = 0, i.e. the real G action on M gives rise to an holomorphic
action of GC. It can be checked that, once we assume the complex gauge fixing (20),
the ghost c disappears from the action.
According to the discussion in Remark 4.1, the target manifold of the AKSZ con-
struction is a BFV space, i.e. a model for the symplectic reduction of T ∗[1]M with
respect to the graded constraints µ = 0 and vνbν = 0. If the G action is free on µ = 0
then µ−1(0)/G is smooth and the reduced space is T ∗[1](µ−1(0)/G). In this case the
BV theory should be regarded as equivalent to the Poisson Sigma Model with the
reduced target. According to the discussion in [4], the natural gauge fixing of the Lie
algebra sector is defined by putting the antighosts variables to zero; this means:
Ξ = Ξ˜ = 0 . (38)
The residual gauge symmetry QL given by this symplectic tubular neighbourhood
is directly read from (28) together with
QLηz¯i = ∂iαk¯ηz¯kb¯ + ∂iµaψaz¯ + ∂i∂jµaη
+j
z¯ φ
a+
+ ∂iv
j
a(ηz¯jc
a + bjψ
a
z¯ ) + ∂i∂jv
k
aη
+j
z¯ bkc
a ,
QLη+iz¯ = −∂zxi + ∂kαi¯η+kz¯ b¯ + viaAaz¯ + ∂kviaη+kz¯ ca ,
QLξ+ = ξ˜+ − F (A)− [c, ξ+] ,
QLξ˜+ = −dΣψ − [A,ψ]− [c, ξ˜+]− [ξ+, φ] .
(39)
Since the A-model observables defined in (32) are independent on the coordi-
nates (20) and (38), they are also invariant when restricted to the gauge fixing la-
grangian under QL. This is not true for the AKSZ observables.
After the introduction of an arbitrary affine connection Γ and the definition of
pz¯j = ηz¯j + Γ
k
jiη
+i
z¯ bk, we obtain the gauge-fixed action SL = SLJ + SLg where SLJ
is computed in (21) and
SLg =
∫
Σ
(
µaξ˜
+a + ∂iµaη
+i
z¯ ψ
a
z + ∂ı¯µaη
ı¯
zψ
a
z¯ + ∂i∂¯µaη
+i
z¯ η
+¯
z φ
a + viabiξ
+a + viapiz¯A
a
z+
+∇kviaη+kz¯ biAaz + vı¯abı¯ξ+a + vıapı¯zAaz¯ +∇k¯vıaη+k¯z bı¯Aaz¯
)
.
(40)
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This action is quadratic in the fields p, which can then be integrated out. Their
equations of motion are pz¯i = αi¯∂z¯x
¯−αi¯v¯aAaz¯ and the effective action obtained with
this integration is thus:
SL =
∫
Σ
(
η+iz¯ Dzbi + η
+¯
z Dz¯b¯ + α
r¯kRlk¯iη
+i
z¯ η
+¯
z blbr¯ + αi¯∂Ax
i∂¯Ax
¯+
+∇lvkaη+lz¯ bkAaz +∇¯vk¯aη+¯z bk¯Aaz¯ +
(
viabi + v
¯
ab¯
)
ξ+azz¯ +
+ µaξ˜
+a + ∂¯µaη
+¯
z ψ
a
z¯ + ∂iµaη
+i
z¯ ψ
a
z + ∂i∂¯µaη
+¯
z η
+i
z¯ φ
a
)
,
(41)
where ∂Ax
i = ∂zx
i + viaA
a
z . The dependence on the connection A is now at most
quadratic and the quadratic term is non degenerate if det(va, vb) 6= 0. This is guar-
anteed if the G action is free on µ−1(0), so that this action is well defined when the
symplectic reduction µ−1(0)/G is smooth.
By construction the Lie algebra fields are Lagrange multipliers that constrain the
system to µa(X+η
+) = 0 and va(x+η
+)i(b+η)i = 0. We know that in Ka¨hler reduc-
tion T (µ−1(0))/G is realized as the subbundle J(gM )⊥ ∩ g⊥M ⊂ T (µ−1(0)), where gM
denotes the bundle spanned by the g-vectors. The zero and one form component of
µ(x+ η+) = 0 force then the field x to take values in µ−1(0) and η+ in T (µ−1(0))/G.
The two form constraint ∂i∂¯µaη
+i
z¯ η
+¯
z = 0 is instead just a consequence of the inter-
play between the constraint on superfields and the complex gauge fixing and it has
not a geometric origin. One way to avoid it is to modify (38) to
c = 0 , Ξ = c+ , Ξ˜ = 0 . (42)
This fixes the ghost c and makes c+ be the multiplier for φ = 0 so that the above
undesired constraint disappears. It must be clear that with this choice the A-model
observables depending on c are not anymore invariant under the residual gauge fixing.
5.2 The gauge multiplet and topological Yang-Mills
We consider here a different gauge fixing of the Lie algebra sector that recovers the so
called topological Yang-Mills theory in two dimensions, considered by Witten in [14].
This connection was already established in [15]; here we use a slightly different gauge
fixing and emphasize the relation between the residual gauge symmetry and the gauge
multiplet of supersymmetry. The basic tool for introducing topological Yang-Mills
theory is the gauge multiplet of 2d supersymmetry. In our BV framework it must
appear as a residual BV symmetry of the gauge fixed action. We have first to recognize
all the fields needed to reconstruct the gauge multiplet. The gauge multiplet consists
in the following fields
φ ψ A H χ η λ
ghost # 2 1 0 0 -1 -1 -2
form # 0 1 1 0 0 0 0
(43)
where the parity is the ghost modulo 2. It is easy to see that we already have almost
all these fields by doing the following matches
AKSZ φ ψ A ξ ξ˜ - -
gauge multiplet φ ψ A H χ η λ
(44)
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The fields η and λ do not appear in the PSM but can be introduced as a trivial pair.
Let us define the trivial pair λ, ρ ∈ Ω0(Σ; g) of ghost number −2 and −1 respectively
and with momenta λ+, ρ+ ∈ Ω2(Σ; g∗) of ghost degree 1 and 0 . The BV action will
be shifted to
S′BV := SBV +
∫
Σ
λ+a ρ
a (45)
and correspondingly we have the following action of the BV symmetry for λ and ρ :
QBVλ
a = ρa , QBVρ
a = 0 . (46)
If we define ζ := ρ+ [c, λ] we get the transformations:
QBVλ = ζ − [c, λ] , QBVζ = [φ, λ]− [c, ζ] . (47)
The gauge multiplet is reconstructed with ζ ∼ η.
We can now collect the action of QBV on these fields
QBVφ = −[c, φ] , QBVψ = −[c, ψ]− [A, φ]− dΣφ ,
QBVA = ψ − [c, A]− dΣc , QBVξ = −[ξ, c]− [ξ˜, φ] ,
QBVξ˜ = ξ − [ξ˜, c] , QBVλ = ζ − [c, λ] ,
QBVζ = [φ, λ]− [c, ζ] QBVc = φ− 1
2
[c, c] .
(48)
We then see that
QBV = δBRST + δsusy ,
i.e. it encodes the superymmetry and the BRST transformation of the gauge multiplet.
The action of topological Yang-Mills is recovered by defining the Lagrangian Lf
with the gauge-fixing fermion f defined as
f =
∫
Σ
1
2
〈ξ˜, ?ξ〉+ 〈DAλ, ψ〉 , (49)
where ? is the Hodge star for a metric on Σ and 〈, 〉 is a non degenerate invariant
bilinear form on g.
SLf = SL0 +QBVf = QBV
(
f −
∫
Σ
〈ξ˜, FA〉
)
=
∫
Σ
(1
2
〈ξ, ?ξ〉 − 〈ξ, FA〉 − 〈ξ˜, DAψ〉+ 〈DAζ, ψ〉+
+ 〈DAλ,DAφ〉+ 1
2
〈[ξ˜, ξ˜], ?φ〉+ 〈[ψ, λ], ψ〉
)
.
(50)
The residual BV symmetry is then given by the same formulas as in (48). In par-
ticular, the A-model observables are just functions of (c, φ,A, ψ) and so are invariant.
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The full gauge fixed action is then recovered as:
SL =
∫
Σ
(
η+iz¯ Dzbi + η
+¯
z Dz¯b¯ + α
r¯kRlk¯iη
+i
z¯ η
+¯
z blbr¯ + αi¯∂Ax
i∂¯Ax
¯+
+∇lvkaη+lz¯ bkAaz −∇¯vk¯aη+¯z bk¯Aaz¯ + ∂¯µaη+¯z ψaz¯+
+ ∂iµaη
+i
z¯ ψ
a
z + ∂i∂¯µaη
+¯
z η
+i
z¯ φ
a+
+
1
2
〈ξ, ?ξ〉 − 〈ξ, FA〉 − 〈ξ˜, DAψ〉+ 〈DAζ, ψ〉+
+ 〈DAλ,DAφ〉+ 1
2
〈[ξ˜, ξ˜], ?φ〉+ 〈[ψ, λ], ψ〉
)
.
(51)
Up to residual BV transformations this action depends only on the cohomology class of
(α+µaφ
a). By construction the BV action (29) is defined by the target data through
the AKSZ observable associated to the hamiltonian Θ in (22). As we proved, this
observable is connected to the corresponding A-model observable via the homotopy K.
Thus the BV action can be decomposed as: kinetic term + A-model observable +
BV exact term. The A-model observables are well-behaved under our gauge-fixing,
however BV exact terms become generically Q-exact terms only on-shell. However if
we choose Q-symmetry to close off-shell then the gauge fixed action can be written
as A-model observable associated to (α + µaφ
a) plus Q-exact terms, similar to the
construction presented in [1].
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